Aviation turbulence is modelled as an interaction between an aircraft and a vortex tube. The vortex tube can have an arbitrary orientation/offset with respect to the aircraft. We compare modelling the aircraft (i) as a point and (ii) having a finite area (wing and fuselage). We consider both vertical and horizontal acceleration experienced by the aircraft. The baseline vortex tube has an area which is of the order of the aircraft area.
Further, we consider both vertical (normal) and horizontal (transverse) acceleration of the aircraft.
II. Modelling

A. Vortex Tube Properties
The vortex is modelled as a circular 2D vortex extending into the third dimension. The baseline vortex is shown in Fig. 1 . The vortex radius is R, the vortex diameter is 2R = D and the vortex width is W . We note that a finite vortex width is not supported by theory, which states that vortex tubes either extend to infinity or end on solid boundaries [Saffman 1992] . The vortex axis is along the y-direction.
The aircraft travels in the x-direction. The clockwise direction of the vortex velocity in the xz-plane leads to vorticity in the negative y-direction, see Fig. 2 .
With respect to the aircraft, the x-direction is longitudinal, the y-direction is transverse and the z-direction is vertical. Since we will see that the acceleration is zero in the longitudinal direction, we will use the term horizontal for the transverse direction (y).
We assume that the vortex rotates like a solid body with a constant angular velocity Ω: The vortex radius is r = (x, 0, z). The resulting vortex velocity is:
The vorticity (vortex strength) is:
For the general case we define the total vorticity as:
For the specific case, we have ω = (0, ω y , 0) = (0, −2Ω, 0) and ω tot = |ω y | = 2Ω.
The vortex speed is:
where r is the radius inside the vortex (from 0 to R).
The vortex circulation for radius r is [Gerz et al. 2002] :
Γ(r) = ω tot r 2 π = 2Ωr 2 π,
so the total circulation of the vortex is:
The vortex lifetime can be approximated by the eddy-turnover time [Pope 2000 ]: Using D as the length scale and u(r = R) as the velocity, we get:
The main quantity we study is the aircraft acceleration due a vortex tube as defined by Lunnon [Lunnon 2016 ]:
where v AC is the aircraft velocity, see Fig. 2 . *** Eq. (9) can be derived from the fluid [Lamb 1932 , Batchelor 1967 ] (i.e. hydrodynamic [Saffman 1992 ]) impulse of the aircraft:
where r AC is the aircraft position, ρ AC = mAC VAC is the aircraft density, m AC is the aircraft mass and V AC is the aircraft volume. Note that m AC and V AC are defined for the part of the aircraft which is enclosed by the vortex.
Here, we have modified the original expression in two ways:
• We have introduced a negative sign to account for the fact that we study the impulse of the aircraft instead of the impulse of the vortex
• We have replaced vortex by aircraft quantities where relevant
We assume that the vorticity of the vortex is independent of time. Thus, we can take the time derivative of the impulse to arrive at the force on the aircraft:
Since the aircraft velocity is constant, we can remove the integral; this concludes our derivation of Eq. (9).
***
We choose a vortex radius R = 10.7 m based on the discussion in Section II D 3.
This leads to a maximum speed on the vortex surface u(r = R) = RΩ = 0.24 m/s.
The total circulation of the vortex is Γ tot = 15.9 m 2 /s.
The eddy-turnover time D/u(r = R) = 2/Ω = 91 s. This can be compared to the duration when the aircraft is inside the vortex D/v AC = 0.1 s. For this case, the vortex persists much longer than the aircraft takes to pass through it, so we do not have to consider vortex decay. However, vortex lifetime will become increasingly important for larger Ω and/or slower aircraft.
D. Aircraft Geometry
Point
The simplest aircraft model is to consider it as a point. The implicit assumption is that the vortex dimensions are much larger than the aircraft dimensions. We will discuss the errors using this approach in more detail below.
Area
When we model the aircraft with a finite area, we use dimensions approximating those of an Airbus A330-200 [Airbus], i.e. a medium-sized aircraft.
The wing span S is fixed at 60 m and the wing chord C is set to 6 m, see Fig. 3 . The position of the leading edge (LE) of the wing is shown as x LE . The fuselage length L is 60 m and the fuselage height H is 6 m.
The wing is assumed to be fixed exactly at the center of the fuselage. Both the wing and fuselage are assumed to be rectangles. The horizontal stabilizer and tail fin are not considered.
Point Versus Area
To discuss the comparison between the vortex and aircraft areas, we define the vortex/aircraft area ratio r A . For the fuselage, the vortex xz-plane area is πR 2 and the aircraft fuselage area is LH. For a fixed r A , the vortex radius R A is given: 
As for the fuselage, we also require that r A is equal to the ratio of the vortex xy-plane area DW = 2RW and the aircraft wing area SC:
Combining Eqs. (15) and (17), we write the vortex width W A as:
We can now use r A to determine the area ratio; this is illustrated in Fig. 4 for the aircraft dimensions provided above, where R A and W A are shown as a function of r A . We will consider three cases below: • r A = 1 (R = 10.7 m, W = 16.8 m): Vortex area is the same as the aircraft area (our baseline case)
• r A = 10 (R = 33.9 m, W = 53.2 m): Vortex area is much larger than aircraft area
For the first two cases, the aircraft should be modelled with finite areas. For the last case, modelling the aircraft as a point is sufficient for most purposes.
III. Results: Aircraft as a Point
Here, we discuss analytical modelling of the aircraft as a point.
A. Vortex Offset
The vortex can be offset in the horizontal direction y 0 . When −W/2 < y 0 < W/2, the aircraft will be inside the vortex, otherwise it will be outside.
For a vertical offset z 0 , the aircraft will travel a distance 2 R 2 − z 2 0 inside the vortex. For example, if we want to reduce the distance from 2R to R, we set z 0 = R The aircraft will travel a distance 2R/ sin(φ) inside the vortex.
The vorticity is given by:
The resulting aircraft acceleration is in the vertical direction:
Up-Down Tilt
An up-down tilt of the vortex is rotation in the xz-plane. This is defined using the polar angle θ, where π/2 is the baseline case. See Fig. 6 for an illustration of the corresponding vortex tube orientation. The aircraft will travel a distance 2R inside the vortex.
The resulting aircraft acceleration is in both the horizontal and the vertical direction:
Combined Tilt
For a combined tilt, both φ and θ are allowed to vary between 0 and π.
The resulting aircraft acceleration is in both the horizontal and the vertical direction: 
For values from our example above, the acceleration in the vertical and horizontal direction is shown as contour plots in Fig. 7 .
The sign of the vertical acceleration is always positive and is symmetric around the baseline orientation (φ, θ) = (π/2, π/2) (which is the maximum acceleration).
The horizontal acceleration has a positive maximum for θ = π and a negative minimum for θ = 0. The horizontal acceleration is independent of φ.
IV. Results: Aircraft as an Area
A. Numerical Procedure
The numerical procedure when considering the aircraft to be an area consists of two steps. The first step is the generation of the vortex tube: The area fractions are shown both as a function of time and leading edge position for our baseline case in Fig. 8 . When considering the aircraft as a point, the area fraction is either zero (aircraft center point outside VT) or one (aircraft center point inside VT). This behaviour is different when the aircraft area is considered. Compared to the wing, the fuselage enters (exits) the VT first (last), respectively. It is also important to note that the area ratios are only about one-third of the point ratios, since the VT only intersects part of the aircraft.
All the cases we have modelled can be found in Table 1 .
B. Baseline
Aircraft accelerations corresponding to the area ratios in Fig. 8 are shown in Fig. 9 . First of all we note that there is no horizontal acceleration, consistent with our results in Section III. The vertical area acceleration is about one-third of the acceleration if one considers the aircraft as a point, see our discussion above. Further, the increase/decrease of acceleration for the vertical acceleration as an area is not instantaneous, since the wing has a finite width, the chord C.
This result indicates that it is important to take the aircraft area into account.
For the following analysis, we only show acceleration as a function of time.
C. Size
Once we have established the baseline case, we can use the modelling procedure to gain insight into the impact of other VT geometries.
First we vary the VT size, see Fig. 10 . These are cases 1, 2 and 3 in Table 1 . The sizes are determined in Section II D 3.
As the vortex size decreases, we note that the amplitude of the area acceleration decreases. This confirms that considering the aircraft as a point works well for a large VT, but not for a smaller VT.
D. Offset
We continue the modelling by investigating the effect of an offset VT, see decrease manifests itself as a shorter duration of the aircraft-VT encounter.
Here, we present results for the left-right tilt of the VT using the angle φ, see Fig. 12 . There is no up-down tilt, θ is kept fixed at π/2. These are cases 3, 6 and 14.
If the VT is parallel to the aircraft, there is no acceleration. At an angle φ = π/4 (or 3π/4), the area acceleration does not have a flat top and the duration of the aircraft-VT encounter is longer.
For the up-down tilt, there is no left-right tilt, i.e. φ = π/2.
We first present the results for θ less than π/2, see We now proceed to present the results for θ larger than π/2, see Fig. 14. These are cases 3, 9
and 17. The vertical acceleration has the same amplitude and direction as for the smaller angles.
The horizontal acceleration has the same amplitude but the opposite sign. 
G. Angle: Both Angles Vary
Removing the restricting of a fixed φ or θ we can consider other combinations, see Fig. 15 . For these cases, the amplitude of the vertical and horizontal acceleration differs.
V. Discussion and Future Work
The model we have presented above is a starting point; it is relatively straightforward to extend our model.
One example is asymmetry effects: The left/right wing and forward/aft fuselage can be treated separately. As an illustration we show the offset cases (4 and 5) in Fig. 16 . Because of the fuselage length, it seems likely that there will be significant stress between the forward and aft part compared to the left and right wing.
The procedure to consider the aircraft divided into smaller sections is also employed in the literature on wake vortices as the strip model [Hahn et al. 2007 ]. This paper also includes measure-ments of vertical and horizontal acceleration when an aircraft passes through the counter-rotating wake vortices generated by another aircraft.
The modelled VT can also be modified to e.g. be elliptical [Lunnon 2016] . Several vortex models have been employed for wake vortices [Gerz et al. 2002 , Ahmad et al. 2014 . They typically consist of one (or two) cores which contain vorticity surrounded by an irrotational outer flow region.
Such vortex models could also be studied using our methodology. In [Spilman et al. 1995] , the Lamb-Oseen vortex model was used for an aircraft on final approach to landing.
Multiple co-rotating vortices have been modelled [Parks et al. 1985 , Mehta 1987 , and counterrotating vortices have been identified as well [Misaka et al. 2008 ].
It would be interesting for us to obtain high-quality aircraft acceleration measurements to make a fit to our model with several co-and/or counter-rotating vortices.
A more complete description of the aircraft motion would include e.g. lift and drag forces as presented in , Schwarz et al. 2010 . Depending on the response of the aircraft, it may spend more or less time inside the vortex tube than our model indicates.
VI. Conclusions
We have extended the modelling of an interaction between an aircraft and a vortex tube to include:
• An arbitrary vortex tube angle
• Both vertical and horizontal acceleration
• An aircraft as having an area (wing and fuselage)
Our model shows that modelling the aircraft as a point will not give a correct acceleration amplitude or duration for cases where the vortex area is of the order of the aircraft area or smaller.
We find it plausible that our model can be used to describe both vortices creating clear-air turbulence (CAT) and wake vortices generated by other aircraft.
